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Abstract
It is well known that gravitons can convert into photons, and vice versa, in the presence of
cosmological magnetic fields. We study this conversion process in the context of the atomic dark
matter scenario. In this scenario, we can expect cosmological dark magnetic fields, which are free
from the stringent constraint from the cosmic microwave observations. We find that gravitons
can effectively convert into dark photons in the presence of cosmological dark magnetic fields.
The graviton–dark photon conversion effect may open up a new window for ultrahigh frequency
gravitational waves.
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I. INTRODUCTION
The cosmological magnetic fields provide intriguing phenomena in cosmology. In fact,
it is known that there occurs the conversion between photons and axions in the presence
of cosmological magnetic fields, which can be used to probe the configuration of magnetic
fields [1]. Remarkably, it has also been known that the presence of background magnetic
fields induces conversion between gravitons and photons [2, 3]. This possibility is worth
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investigating further. Indeed, the graviton–photon conversion may give rise to a new per-
spective on the gravitational wave physics.
Apparently, the stronger the magnetic field is, the more efficient the graviton–photon
conversion is. However, the cosmological magnetic fields are constrained by observations of
the cosmic microwave background (CMB) radiations. If we go back to the earlier universe,
the strength of cosmological magnetic fields increases as the inverse of the square of the scale
factor. In fact, there are some studies investigating conversion in the primordial cosmological
magnetic fields around the recombination and in the subsequent epoch [4–11]. The authors
in [4–9] explored the possibility that CMB photons convert into gravitons. They proposed
to utilize the deviation from the black body radiation spectrum as an alternative and in-
dependent probe of the cosmological magnetic fields. In [10, 11], they try to detect high
frequency gravitational waves from primordial black holes (PBHs) [12] by converting it into
an x ray in the cosmological background magnetic fields. In any case, however, the conver-
sion probability is considerably low. Hence, it is tempting to say that the graviton–photon
conversion is irrelevant to cosmology. However, it is still premature to conclude so.
It is well recognized that the dark matter is one of the big puzzles of modern cosmology.
The apparent absence of evidences for weakly interacting massive particles (WIMPs) at the
LHC and from direct observations tells us that the dark sector may contain more fertile
structures to be explored [13–17]. Among them, we focus on a dark sector charged under a
hidden U(1)D gauge symmetry in this paper. In order to form the large scale structure of
the Universe through gravitational instability, the dark matter has to be neutral by making
atomic bound states, dubbed the atomic dark matter [18–27]. This model has been studied
from various perspectives.
It should be emphasized that there exist dark photons in the atomic dark matter sce-
nario. Therefore, it is natural to study graviton–dark photon conversion in this specific
dark matter scenario. Indeed, from the point of view of gravitational wave physics, it is
worth investigating the possibility that gravitational waves disappear into the dark sector
on the way from the source to us. Our main observation is that, from the point of U(1)D
charged dark matter, dark cosmological magnetic fields can be generated during inflation as
the conventional cosmological magnetic fields. In this paper, we study graviton–dark photon
conversion in the presence of cosmological dark magnetic fields. Remarkably, as we will see
in Section IV, the graviton–dark photon conversion becomes efficient. The main reason is
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that the constraint from CMB on the dark magnetic fields is less stringent than that on the
conventional cosmological magnetic fields. Another possible reason is that we can reduce the
plasma effect by choosing the parameters in the dark matter. Note that the graviton–dark
photon conversion is not useful for probing cosmological magnetic fields but opens up a new
way to explore ultrahigh frequency gravitational waves. This could be possible through the
photon and the dark photon mixing.
The paper is organized as follows. In Sec. II, we introduce the atomic dark matter
scenario. Then we review the graviton–dark photon conversion in terms of Schro¨dinger type
formalism in Sec. III. We calculate the conversion rate numerically in Sec. IV. We also
discuss implications of our results. The final Sec. V is devoted to the conclusion.
II. ATOMIC DARK MATTER
The dark sector of the Universe has not been unveiled until now. Hence, there are many
possible models for the dark sector [13–17]. In this paper, we focus on the atomic dark matter
model [18–27]. We consider two fermions oppositely charged under a new U(1)D dark gauge
force. Massive fermions eventually form hydrogenlike bound states by exchanging dark
photons. Subsequently, the structure formation begins due to the gravitational instability.
In order to study the graviton–dark photon conversion, we need to understand dark
plasma and dark magnetic fields. Therefore, first, we illustrate the thermal history of the
dark sector, and then we summarize parameters which characterize the atomic dark matter
scenario. Next, we discuss a possible magnitude of cosmological dark magnetic fields.
Note that we do not intend to give a complete solution to the dark matter problem.
In fact, the study of the dark sector is now developing. Here, we take a simple setup to
illustrate our main idea.
II.1. Thermal history of the dark sector
In this subsection, we review the thermal history of the dark sector in brief [23, 28,
29]. After the end of inflation, visible and dark sectors are reheated and have different
temperatures, T and Tˆ , due to different couplings with the inflaton. Hereafter, we denote
physical quantities of the dark sector with a hat. They could initially be equal either due
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to the same coupling with inflation or due to the thermal contact between them. However,
once two sectors are decoupled, entropy will be separately conserved in each sector. Thus,
in general, T is different from Tˆ . We parametrize the mismatch by
ξ ≡ Tˆ
T
. (1)
Note that the energy density in the radiation dominant period reads
ρtot =
pi2
30
g∗tot(T )T 4 , (2)
where
g∗tot(T ) ≡ g∗(T ) + gˆ∗(T )
≡
∑
Bose
gi
(
Ti
T
)4
+
7
8
∑
Fermi
gi
(
Ti
T
)4
+
∑
Bose
gˆi(Tˆ ) ξ
4(T ) +
7
8
∑
Fermi
gˆi(Tˆ ) ξ
4(T ) . (3)
Using the formula of the entropy per a comoving volume
stot =
ρtot + p
T
, (4)
we obtain the entropy density in the radiation dominant period as
stot =
1
T
4
3
ρtot =
2pi2
45
g∗s,tot(T )T 3 , (5)
where
g∗s,tot(T ) ≡ g∗s(T ) + gˆ∗s(T )
≡
∑
Bose
gi
(
Ti
T
)3
+
7
8
∑
Fermi
gi
(
Ti
T
)3
+
∑
Bose
gˆi(Tˆ ) ξ
3(T ) +
7
8
∑
Fermi
gˆi(Tˆ ) ξ
3(T ) . (6)
Since the entropy per a comoving volume stot conserves, the decrease of the effective degrees
of freedom causes temperature growth against adiabatic cooling. In the early universe, ξ
changes with temperature since visible sector degrees of freedom decrease with cosmological
expansion.
The values of gˆ∗(T ) and gˆ∗s(T ) depend on how to choose a dark parameter set, but
in the following, we consider only the situation where gˆ∗(T ) = gˆ∗s(T ) is established. In
other words, we assume that the dark sector is in thermal equilibrium. Details about the
parameters which fix the thermal history of the dark sector will be described in the next
subsection.
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Big Bang nucleosynthesis (BBN) is very sensitive to the expansion rate of the Universe
determined by the energy density (2) through the Friedmann equation. In fact, the number
of relativistic degrees of freedom at the time of BBN is constrained by the abundances of
the light elements. We have a constraint in terms of the effective number of light neutrino
species. Recently, in fact, the Planck put a more stringent constraint [30],
∆Neff = 0.11± 0.23 . (7)
This result seems to exclude the existence of relativistic particles, such as a dark photon, in
the dark sector, but that is not true. This is because the temperature of dark radiation can
be much lower than a visible one. In such a case, the percentage of gˆ∗(TBBN) contributing
to the expansion rate is suppressed.
Whether a dark electron/positron contributes or does not contribute depends on dark
parameters; it varies continuously from
gˆ∗(TˆBBN) = 2 +
7
8
× 2× 2 = 11
2
, (8)
to
gˆ∗(TˆBBN) = 2 , (9)
where the dominant components contributing to gˆ∗(TˆBBN) are dark electron/positron and
dark photon, provided that the dark proton is massive enough to be nonrelativistic at the
time of BBN.
In principle, gˆ∗(Tˆ ) can be calculated, once the parameters in the dark sector are given.
In that case, the dark radiation temperature at an arbitrary z is given by
Tˆ (z) = Tˆ0 (z + 1)
(
gˆ∗(Tˆ0)
gˆ∗(Tˆ )
)1/3
, (10)
where gˆ∗(Tˆ0) = 2. It is known that gˆ∗(TˆBBN) = 11/2 holds for many dark parameter regions
[23], so the temperature in both sectors rises by (11/4)1/3 after (dark) electron/positron
annihilation. After neutrino decoupling (∼ 1.5 MeV), the degrees of freedom in both sectors
change only through (dark) electron/positron annihilation. In this case, we can make ξ
constant approximately after the BBN, In the following, we omit the suffix ξ ≡ ξ0. As a
side note, it is known that ξ0 ∼ 0.5, if the visible and dark sectors were coupled above the
electroweak scale [31].
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Here we provide several comments. As far as the background cosmological expansion is
concerned, the constraint on Neff would be translated into the constraint on ξ. Hence, dark
components leave the back ground expansion history of the Universe unchanged. However,
it affects the evolution of density fluctuations. Since the dark radiation has coupled to the
dark baryons until the dark recombination time, dark radiation is not entirely free streaming
unlike neutrinos. Therefore, it is not straightforward to interpret the dark radiation in terms
of Neff . Using cosmological data from the CMB, baryon acoustic oscillations, and the large–
scale structure, we can give constraints on the strength of its interaction and the possible
fraction of interacting dark matter [24]. They conclude that models with eV–scale binding
energy is limited to fint ∼ 5% from CMB measurements. Here, we defined the ratio of
interacting dark matter energy density ρint to overall dark matter energy density ρDM as
fint ≡ ρint
ρDM
, (11)
where
ρDM = ρint + ρCDM ,
and ρCDM is the energy density of the collisionless dark matter. In this paper, we set
fint = 1 for the sake of simplicity. This assumption affects only a number density of the dark
hydrogen atom. The presence of charged particles which are not neutralized as the dark
hydrogen atom acts to decrease the conversion probability. Making fint smaller than 1 has
only a positive influence on conversion, so we do not think this assumption is problematic.
In addition, in Section IV, we choose not the eV scale but 10 keV as a binding energy. Notice
that the interacting relativistic species are also studied in [15, 17].
II.2. Parameters
An atomic dark matter model is a kind of hidden–charged dark matter model [14, 29] and
behaves as the cold dark matter in the limit of large atomic binding energy and a large dark
fine structure constant. In the early universe, all of the dark atoms are ionized and in the
state of the dark plasma. When the dark radiation temperature Tˆ falls down to the binding
energy of the dark atom EˆB, two massive fermions start to form a hydrogenlike bound state.
We should emphasize that the thermal history of atomic dark matter is very different from
that in the standard visible sector and strongly depends on the choice of parameter sets in
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the dark sector. In this subsection, we summarize parameters which characterize the atomic
dark matter scenario we consider.
We shall call massless gauge boson “dark photon,” lighter fermion “dark electron” (with
the mass mˆe), and heavier fermion “dark proton” (with the mass mˆp) in analogy with the
visible sector. In this paper, we do not get into details of the origin of the dark sector. We
assume the number of two fermions are equal and the dark sector is neutral under the U(1)D
gauge symmetry. A two–body system composed of a dark electron and a dark proton can
be analyzed by using the reduced mass µˆ,
µˆ =
mˆe mˆp
mˆe + mˆp
. (12)
The binding energy EˆB can be expressed by the dark fine structure constant αˆ and the
reduced mass µˆ as
EˆB =
1
2
µˆ αˆ2 . (13)
Then, denoting the mass of the finally formed dark atom as mˆH, we can express the masses
of dark fermions by imposing the following relation:
mˆe + mˆp − EˆB = mˆH . (14)
Solving (12) for mˆe, we obtain
mˆe =
µˆ mˆp
mˆp − µˆ . (15)
Substituting it into (14), we have the equation for mˆp
mˆ2p − (mˆH + EˆB) mˆp + (mˆH + EˆB) µˆ = 0 . (16)
With paying an attention to the positivity of the mass mˆp > 0, we get
mˆp =
mˆH + EˆB +
√
(mˆH + EˆB)2 − 4(mˆH + EˆB)µˆ
2
. (17)
Now, it is easy to obtain the dark electron mass. We identified three parameters character-
izing the dark hydrogen atom, i.e. the dark fine structure αˆ, the binding energy EˆB, and the
dark atom mass mˆH. Even though one can choose these three parameters freely, in order to
have a real solution, the following condition should be satisfied
mˆH + EˆB ≥ 4µˆ = 8EˆB
αˆ2
, (18)
8
or
mˆH
EˆB
≥ 8
αˆ2
− 1 . (19)
Recall that Tˆ < EˆB is the condition for the onset of the dark recombination. In other words,
EˆB/ξ fixes the redshift of dark recombination, where we assume ξ is constant (see Section
II.1),
ξ ≡ Tˆ
T
∣∣∣∣∣
z=0
. (20)
Thus, the parameter set (αˆ, EˆB, mˆH, ξ) determines the atomic dark matter scenario. In
particular, αˆ governs the interactions between dark sector components, and mˆH fixes the
number density of atomic dark matter.
II.3. Dark recombination
Once the dark radiation temperature Tˆ falls down to the dark binding energy EˆB, the
dark fermions begin to recombine. Notice that the dark recombination process strongly
depends on the choice of parameters (αˆ, EˆB, mˆH, ξ). We refer the readers to [23] for
details of the dark recombination process. In this paper, we narrow down our target to
the parameters for which the recombination time is slightly shorter or comparable to the
cosmological expansion time. In fact, the standard visible sector is also categorized into this
group. We can capture the recombination process by solving the Boltzmann equation,
d
da
Xˆe =
〈σ̂v〉
aH
(mˆe mˆp
mˆH
Tˆ
2pi
)3/2
e
− EˆB
kBTˆ (1− Xˆe)− Xˆ2e nˆb
 , (21)
where Xe is the ionization rate of the dark electron,
Xe ≡ nˆe
nˆb
≡ nˆe
nˆe + nˆH
=
nˆp
nˆp + nˆH
, (22)
and nˆb, nˆe, and nˆp are the number density of dark matter, dark electron, and dark proton,
respectively. We assume that we can neglect the number of helium atoms, and that Universe
is neutral under the dark U(1)D charge, nˆe = nˆp. We also set fint = 1 [see the definition
of fint (11)]. Note that 〈σ̂v〉 is the thermally averaged recombination cross section. If an
electron is directly captured to the ground state in the dark hydrogen, it produces a high
energy photon enough to ionize other surrounding atoms. Thus, we neglect the direct process
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which brings no net change, and instead we consider a process that an electron is captured to
an excited state. We use α(2) to denote the thermally averaged recombination cross section
excluding the direct capture to the ground states [32, 33],
〈σ̂v〉 = α(2) = 64pi√
27pi
(
αˆ
µˆ
)2√
EˆB
kBTˆ
φ2
(
EˆB
kBTˆ
)
, (23a)
It is known that the function φ2(EˆB/kBTˆ ) can be approximated by
φ2
(
EˆB
kBTˆ
)
' 0.448 ln
(
EˆB
kBTˆ
)
. (23b)
Here, we should mention the applicability of the formula (23). In [23], it is pointed out that
the formula (23) is not always applicable for general dark parameter sets. However, for the
parameters on which we are focusing, we can adopt (23) because dark photons and dark
fermions are kept at thermal equilibrium at a single temperature in the following manner.
The dark electrons receive the energy frequently through the Compton scattering with a dark
photon, and the energy of dark fermions is redistributed through the Coulomb scattering. On
the other hand, for dark atoms, there is a large parameter space for which such a Compton
heating does not work well at Tˆ  EˆB. Thus, in general, one must consider all of the
mechanisms governing the energy exchange between dark photons and dark baryons, and as
a consequence (23) ceases to be sufficient. In the present cases, this does not happen.
The dark radiation temperature at an arbitrary z is given by (10). However, we do not
need to take into account the change of the number of relativistic species as long as we
consider the period after the dark recombination. Therefore, we consider only the adiabatic
cooling of dark radiation temperature Tˆ :
Tˆ (z) = T0 ξ(z + 1) . (24)
This is because the dark recombination always happens after the dark electron/positron
annihilation.
Figure 1 shows Eq. (21) solved numerically with consideration for expansion of the Uni-
verse. Please see Section IV for details.
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FIG. 1. Ionization rate.
We plot the dark recombination process as a function of redshift z by solving Eq. (21).
αˆ = 0.05, EˆB = 10 keV, mˆH = 1 TeV, ξ = 0.5, T0 = 2.73 K.
II.4. Dark magnetic fields
The Faraday rotation measurements and observations of the CMB give the upper bound
for the strength of the intergalactic magnetic fields BIGMF . 10−9 G [34, 35]. The generation
mechanism has not yet been clarified, but one of the leading candidates is primordial origin.
In the context of U(1)D charged dark matter, dark cosmological magnetic fields can also be
generated with the same mechanism as that for the standard cosmological magnetic fields.
Here, we consider constraints on the dark magnetic fields.
The energy density of cosmological magnetic fields at present is
(10−9 G)2 ∼ 8.74× 10−41 g/cm3 ∼ 1.02× 10−11 ρcr < Ωr ρcr (25)
where ρcr = (1.91h
2)× 10−29 g/cm3 is the critical density, h = 0.67, and Ωr = 9.25× 10−5.
Since there is no direct observation of dark magnetic fields, a larger energy density of dark
magnetic fields is allowed as long as it does not dominant the radiation energy density.
Notice that there exist margins between radiation and cosmological magnetic field energy
density. Hence, we can take the dark magnetic field strength Bˆ0 at present as
Bˆ0 ∼ 10−6 G . (26)
In the subsequent sections, we study the effect of the presence of the dark magnetic fields.
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III. GRAVITON-DARK PHOTON CONVERSION
It is well known that gravitons can be converted into photons and vice versa, in the
presence of background magnetic fields [2–11]. In this section, we consider graviton–dark
photon conversion in the presence of background dark magnetic fields, which was introduced
in II.4. Throughout this paper, we assume the uniform magnetic fields for the configura-
tion of magnetic fields. In this section, we review the conversion mechanism in terms of
Schro¨dinger–like formulation.
We consider the following system:
S =
1
16piG
∫
d4x
√−g R
+
∫
d4x
√−g
[
−1
4
gµρgνσFˆµνFˆρσ +
αˆ2
90 mˆ4e
{
(FˆµνFˆ
µν)2 +
7
4
(
1
2
εµνρσ Fˆ
ρσFˆ µν
)2}]
,
(27)
where g = det(gµν), G = 1/M
2
pl is Newton’s constant, Mpl = 1.2 × 1019 GeV, and Fˆµν ≡
∂µ Aˆν −∂ν Aˆµ is the field strength of the dark electromagnetic field Aˆµ. We defined the dark
fine structure constant αˆ and the dark electron mass mˆe. The quartic terms of Fˆµν is the
Euler–Heisenberg effective Lagrangian.
The action (27) gives rise to the Einstein equation
Gµν =
κ2
2
[
gαβFˆαµFˆβν − 1
4
gµνFˆαβFˆ
αβ
]
+
κ2
2
αˆ2
90 mˆ4e
[
gµν(FˆαβFˆ
αβ)2 − 8FˆαβFˆαβgρσFˆρµFˆσν − 7
4
gµν
(
1
2
εαβρσ Fˆ
ρσFˆαβ
)2]
,
(28)
and the dark Maxwell equation
∇µ Fˆ µν = αˆ
2
45 mˆ4e
∇µ
[
4(FˆαβFˆ
αβFˆ µν) + 7
(
1
2
εαβρσ Fˆ
ρσFˆαβ
1
2
εµνλρ Fˆλρ
)]
. (29)
III.1. Schro¨dinger–like formulation
Let us start with the following metric:
gµν = ηµν + κhµν(x, t) = ηµα[δ
α
ν + κh
α
ν(x, t)], (30)
12
where ηµν is the flat Minkowski metric, κ ≡
√
16piG, and we assumed |hµν | 1. We impose
the transverse traceless (TT) gauge condition,
h0µ = 0, ∂j hij = 0, h
i
i = 0 . (31)
We can divide the dark electromagnetic field into background and its perturbation
Fˆµν =
̂¯F µν + fˆµν
Aˆµ =
̂¯Aµ + δAˆµ . (32)
We use the radiation gauge,
Aˆµ = (0, Aˆtotal), ∇ · Aˆtotal = 0 . (33)
The static background magnetic field and propagating electromagnetic waves are described
by
̂¯B ≡ ∇× ̂¯A
Fˆ0i = Eˆi = −∂Aˆtotal
∂t
= −∂(δAˆ)
∂t
.
(34)
Hereafter, we denote ̂¯B as Bˆ and δAˆ as Aˆ for simplicity. We expand hij and Aˆj by plane
waves as Aˆj ≡ i
∑
λ e
λ
jAˆλe
−iωt = iAˆ+uje−iωt + iAˆ×vje−iωt
hij ≡
∑
λ hλe
λ
ije
−iωt = h+e+ije
−iωt + h×e×ije
−iωt ,
(35)
where λ ≡ + or −. The coordinate system is set as illustrated in Fig. ??. The linear
polarization tensors for gravitational waves can be defined ase
+
ij = uiuj − vivj
e×ij = uivj + viuj .
(36)
We consider monochromatic gravitational waves traveling along the Z direction. Note that
we use capital Z to represent the coordinate in order to avoid confusion with the redshift
z appearing later. The dark magnetic field is projected on x–y plane and the y direction is
taken along the projected magnetic field Bˆ.
13
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FIG. 2. Coordinate system
The linearized Einstein equation is given by
hij = κ[ ̂¯F ikfˆkj + fˆik ̂¯F kj + 1
2
ηij fˆkl
ˆ¯Fkl] (37)
and the linearized dark Maxwell equation reads
Aˆi − κ∂j
[
hjk
̂¯F ki + hli ̂¯F jl] (38)
= 4%Bˆ2∆Aˆi + 4%BˆjBˆn∂j(∂iAˆn − ∂nAˆi)− 4%BˆiBˆn∆Aˆn + 2%Bˆ2Aˆi + 7%BˆmBˆi∂0∂0Aˆm
(39)
where
% ≡ 4αˆ
2
45mˆ4e
. (40)
We obtain h+ = −iκkBˆAˆjuj = κkBˆAˆ+ ,h× = −iκkBˆAˆjvj = κkBˆAˆ× , (41)
by projecting (37) into e+ij and e
×
ij, respectively. Moreover, the dark Maxwell equation is
rewritten as follows:
i
∑
λ
eλiAˆλe−iωt = iκkjhliεjlmBˆm + [2%Bˆ2− 4%Bˆ2k2]Aˆi
+
[
4 % k2Bˆ − 7%ω2Bˆ
]
iBˆAˆ×vie−iωt .
(42)
Projecting (42) into ui, we obtain
[(1− 2%Bˆ2)+ 4%k2Bˆ2]Aˆ+ = κkBˆh+ , (43)
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and projecting (42) into vi, we obtain
[(1− 2%Bˆ2)+ 7%k2Bˆ2]Aˆ× = κkBˆh× . (44)
Since %2, h+%, h×% can be neglected, (43) and (44) can be reduced to[+ 4%k
2Bˆ2]Aˆ+ = κkBˆh+
[+ 7%k2Bˆ2]Aˆ× = κkBˆh× .
(45)
To sum up, we obtained linearized Einstein and dark Maxwell equations:
h+ = κkBˆAˆ+
[+ 4%k2Bˆ2]Aˆ+ = κkBˆh+
h× = κkBˆAˆ×
[+ 7%k2Bˆ2]Aˆ× = κkBˆh× .
(46)
Assuming ω ' k and  = (ω + i∂Z)(ω − i∂Z) = (ω + i∂Z)(ω + k) ' 2ω(ω + i∂Z), we can
simplify the equations as
(ω + i∂Z)hλ = 2
√
pi
Bˆ
Mpl
Aˆλ
(ω + i∂Z)Aˆλ +
β
2
%ωBˆ2Aˆλ = 2
√
pi
Bˆ
Mpl
hλ ,
where β = 4 (for λ = +) or β = 7 (for λ = ×). By introducing Ψ,
Ψ ≡

h+(Z)
Aˆ+(Z)
h×(Z)
Aˆ×(Z)
 e−iωZ ,
we can finally deduce the basic Schro¨dinger type equation
i
d
dZ
Ψ =

0 ∆ˆgγ 0 0
∆ˆgγ ∆ˆγ 0 0
0 0 0 ∆ˆgγ
0 0 ∆ˆgγ ∆ˆγ
Ψ , (47)
where the mixing term is defined by
∆ˆgγ ≡ 2
√
pi
Bˆ
Mpl
, (48a)
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and the effective photon mass term is given by
∆ˆγ ≡ ∆ˆp + ∆ˆQED . (48b)
The dispersion relation for dark electromagnetic waves propagating in the dark plasma is
modified to
ω2 = k2 + ωˆ2p ,
where the plasma frequency is defined by
ωˆ2p = 4piαˆ
nˆe
mˆe
, (48c)
with the dark electron number density nˆe. Thus, the effect of the plasma is described by
∆ˆp ≡
ωˆ2p
2ω
. (48d)
The QED effect [36] depends on the polarization λ,
∆ˆQED + ≡ −2 %ωBˆ2 , ∆ˆQED× ≡ −7
2
%ωBˆ2 . (48e)
These effects (48b) – (48e) on gravitational waves need not be considered, because the
interaction of gravitational waves with the medium is very weak. Note that the Schro¨dinger–
like equation can be block diagonalized as
i
d
dZ
Ψ = MmixΨ , (49)
where the mixing matrix Mmix is defined as follows:
Mmix ≡
M 0
0 M
 , M ≡
 0 ∆ˆgγ
∆ˆgγ ∆ˆγ
 . (50)
We see that each of two independent polarization components of gravitational waves mixes
with a particular polarization component of electromagnetic waves. Mathematically, we
obtained the equations with the similar structure to the conversion between photons and
axions [3]. However, there is a qualitative difference. In the case of photon to axion conver-
sion, when an unpolarized electromagnetic wave propagates through homogeneous magnetic
fields, the linear polarization appears, because only one component can convert into axions.
In the case of photon–graviton conversion, cases like that never happen.
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We can discuss each polarization separately. Thus, we analyze the time evolution by
reduced equation
i
d
dZ
ψ = Mψ , (51)
where
ψ ≡
 hλ(Z)
Aˆλ(Z)
 e−iωZ .
Now, we derive the conversion probability by solving (51). To this end, we introduce an
orthogonal matrix O which diagonalizes M
OMO† =
 λ+ 0
0 λ−
 , O =
 cos θ sin θ
− sin θ cos θ
 , (52)
where the eigenvalues of M are given by
λ± =
∆ˆγ ±
√
(∆ˆγ)2 + (2∆ˆgγ)2
2
, (53)
and the definition of mixing angle θ is given by
tan 2θ = −2∆ˆgγ
∆ˆγ
, cos 2θ = − ∆ˆγ
∆ˆosc
, sin 2θ =
2∆ˆgγ
∆ˆosc
, (54)
where we defined the oscillation length ∆ˆ−1osc
∆ˆosc ≡ λ+ − λ− =
√
(∆ˆγ)2 + (2∆ˆgγ)2 . (55)
Defining ψ˜ ≡ Oψ, we can solve (51) as
ψ˜i(Z) = ψ˜i(Z0) e
−iλiZ . (56)
Thus, we have
ψi(Z) =
2∑
j=1
O†ijψ˜j =
2∑
j=1
O†ij[Oψ(Z0)]je
−iλjZ , (57)
where λ1 ≡ λ+, and λ2 ≡ λ−. Finally, we obtain
hλ(Z) = [cos
2 θhλ(Z0) + cos θ sin θAˆλ(Z0)]e
−iλ+Z + [sin2 θhλ(Z0)− cos θ sin θAˆλ(Z0)]e−iλ−Z
Aˆλ(Z) = [cos θ sin θhλ(Z0) + sin
2 θAˆλ(Z0)]e
−iλ+Z + [− cos θ sin θhλ(Z0) + cos2 θAˆλ(Z0)]e−iλ−Z .
(58)
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Assuming the initial conditions hλ(Z0) = 1, Aˆλ(Z0) = 0, we find
hλ(Z) = cos
2 θe−iλ+Z + sin2 θe−iλ−Z ,
Aˆλ(Z) = cos θ sin θe
−iλ+Z − cos θ sin θe−iλ−Z .
Thus, the conversion probability after propagating the distance Z can be deduced as
P =
(
2∆ˆgγ
∆ˆosc
)2
sin2
(
∆ˆosc
2
Z
)
. (59)
The effect of photon effective mass ∆ˆγ can vanish, since ∆ˆp and ∆ˆQED have opposite signs. In
this case, the conversion probability ceases to depend on the frequency ω, and the probability
becomes
P = sin2(∆ˆgγ Z) . (60)
This corresponds to the maximum mixing θ = pi/4 for which the complete conversion is
possible. However, the typical value of the mixing term is
∆ˆgγ ≡ 2
√
pi
Bˆ
Mpl
= 9.04× 10−7 Mpc−1
(
1.2× 1019GeV
Mpl
)(
Bˆ
10−6 G
)
. (61)
Hence, in order to achieve ∆ˆgγ Z ∼ pi/2, we need Z ∼ 1012 pc. Therefore, the efficient
conversion requires strong dark magnetic fields even in the absence of ∆ˆγ.
In the case that the cosmic expansion cannot be neglected, we need to take into account
the time evolution of physical quantities and solve the equation
i
d
da
 hλ(a)
Aλ(a)
 =
 0 ∆gγ(a)/aH
∆gγ(a)/aH ∆γ(a)/aH
 hλ(a)
Aλ(a)
 , (62)
where a is the scale factor, H is Hubble parameter and we used the following relation:
d
dZ
=
d
dt
= aH
d
da
. (63)
Equation (62) can only be solved analytically in limited circumstances.
IV. THE CONVERSION RATE: NUMERICAL RESULTS
In the previous sections, it turned out that the gravitational waves and the dark photon
can mix with each other, if dark magnetic fields exist in the context of atomic dark matter. In
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this section, we set source of gravitational waves and atomic dark matter scenario concretely.
Then, we investigate the conversion probability with numerical calculations.
We suppose gravitational waves are emitted from PBHs. After inflation, very light primor-
dial black holes with the mass < 108 g can dominate [12]. Indeed, high energy gravitational
waves can be emitted during evaporation of PBHs before the BBN. The mass of PBHs
determines the peak frequency and the maximum value can be MeV today. The density
parameter can be h20Ωgw ∼ 10−8. It is expected that such high energy gravitational waves
can be detectable by converting it into an x ray in the presence of cosmological magnetic
fields [10, 11].
We are interested in the conversion probability in the cosmological history. The dark
recombination occurs before the recombination in the standard visible sector. The dark
electron number density drastically drops off around that epoch. We derive the conversion
probability by solving the equations starting at z = 105 where the dark electron density is
almost fixed (see Fig. 1).
We solve Eqs. (62) and (21), with the parameters
ξ = 0.5, αˆ = 0.05, EˆB = 10 keV, mˆH = 1 TeV . (64)
Using (12), (15), and (17), we obtain
mˆe = 8 MeV, mˆp = 1 TeV, µˆ = 8 MeV . (65)
In the following, we adopt the normalization a0 = 1 at redshift z0 = 0, and represent a
physical quantity of this age with a suffix 0 added. The dark baryon density (dark hydrogen
density) is given by
nˆb,0 ≡ ρcr · ΩCDM
mˆH
, (66a)
where we assumed ΩCDM = 0.267 and fint = 1 (11). Note that the present CMB temperature
is
T0 = 2.73 K . (66b)
As previously mentioned in Section II.4, we set
Bˆ0 = 1.95× 10−8 eV2, (66c)
where we used 1 G = 1.95 × 10−2 eV2. The wavelength of gravitational waves at present is
stretched by redshift, so its energy is given by
ω0 = 1 eV . (66d)
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We consider the time evolution of each parameter in (62) and (21). The Hubble parameter
is given by
H ≡ H0
√
Ωm
a3
+
Ωr
a4
+ ΩΛ , (67)
where we used the density parameters normalized by the present (z = 0) critical density
ρcr = (8.1 ·h2)× 10−11 eV4. More precisely, we set h = 0.67, Ωm = 0.315, Ωr = 9.245× 10−5,
ΩΛ = 0.685. The Hubble parameter and scale factor always appear with the combination,
aH = H0
√
Ωm
a
+
Ωr
a2
+ a2ΩΛ . (68a)
The dark electron number density is given by
nˆe(a) = Xe(a)
nˆb,0
a3
, (68b)
and the dark radiation temperature reads
Tˆ (a) =
T0 ξ
a
. (68c)
Since the strength of the dark magnetic field evolves as the inverse of the scale factor
squared, the frequency of gravitational waves evolves as the inverse of the scale factor, and
the number density of the dark electron evolves as the inverse of the scale factor cubic, the
variables ∆ˆ introduced in (48) evolve as follows:
∆ˆgγ ≡ 2
√
pi
Bˆ
Mpl
∝ 1
a2
, (48a)
∆ˆp ≡
ωˆ2p
2ω
=
4piαˆ
2ω
nˆe
mˆe
∝ 1
a2
, (48d)
∆ˆQED ∝ − %ωBˆ2 ∝ − 4αˆ
2
45mˆ4e
ωBˆ2 ∝ 1
a5
. (48e)
Thus, we have the following equations:
∆ˆgγ(a)
aH
=
1
H
∆ˆgγ,0
a3
(68d)
∆ˆγ(a)
aH
=
1
H
[
2piαˆ
mˆe
nˆb,0
ω0
Xe(a)
a3
+
∆ˆQED,0
a6
]
. (68e)
In Fig. 1, we show the dark recombination process. Note that we do not consider dark
reionization.
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We solve Eq. (62) numerically from z = 105 where dark neutralization is sufficiently
advanced to z = 0 with the initial conditions
Ig(z = 10
5) = 1, Iˆγ(z = 10
5) = 0 . (69)
In Fig. 3, we repeated the calculations by changing the current energy of gravitational
waves ω0 while fixing the current dark magnetic field strength Bˆ0 = 1µG. In Fig. 4, we did
the same by changing the current dark magnetic field strength Bˆ0 while fixing the current
energy of gravitational waves ω0 = 1 eV. Both Fig. 3 and Fig. 4 show that graviton–dark
photon conversion can be effective, if dark magnetic fields are larger than the conventional
one and such high frequency gravitational waves exist.
⇠ := 0.5, ↵ˆ := 0.05, EˆB := 10 keV, mˆH := 1TeV
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FIG. 3. Graviton – dark photon conversion (Bˆ0 = 1µG).
The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
gravitational waves energy ω0.
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⇠ := 0.5, ↵ˆ := 0.05, EˆB := 10 keV, mˆH := 1TeV
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FIG. 4. Graviton – dark photon conversion (ω0 = 1 eV).
The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
dark magnetic field strength Bˆ0.
V. CONCLUSION
We studied the graviton–dark photon conversion in the presence of the cosmological dark
magnetic fields in the scenario of the atomic dark matter and found the conversion can be
effective. This is in contrast to the graviton–photon conversion in the conventional magnetic
fields, which is less efficient due to the Planck mass suppression and the upper bound for the
cosmological magnetic field. In the present case, since there is no robust constraint for the
dark cosmological magnetic fields and the choice of the dark parameter set, the probability
of graviton–dark photon conversion can be high in the atomic dark matter scenario. It
should be mentioned that the graviton–dark photon conversion is useful as a detector for
ultrahigh frequency gravitational waves. This can be realized through the photon and dark
photon mixing although the detailed method is model dependent.
It has been argued that gravitational waves from the PBHs can be observed by converting
them into x rays in the cosmological magnetic fields [10–12]. However, our results suggest
the possibility that, within the atomic dark matter scenario, such an observation method
should be reconsidered by taking into account the graviton–dark photon conversion.
There are remaining problems in the study of the graviton–dark photon conversion. In
the present work, we found a dark parameter set which shows the efficient graviton–dark
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photon conversion. Although the graviton–dark photon conversion occurs at the very high
frequency in the cases we found, there is still a chance to find a dark parameter set for which
the conversion is effective even for lower frequency regions. Indeed, we can choose freely
αˆ, EˆB, and mˆH as long as they satisfy condition (19). In Appendix B, we presented other
numerical results Figs. 5–20. However, formula (23) is not always valid for these parameters.
In fact, we should scrutinize the recombination process in detail [23]. If we could find a dark
parameter set for the effective conversion of the low frequency gravitational waves, we may
be able to observe the dark photon conversion into gravitational waves. Moreover, we may
be able to use gravitational waves to explore the atomic dark matter. We leave these issues
for future work.
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Appendix A: Density matrix formulation of conversion
There is a possibility that a dark photon would be attenuated by dark Thomson scat-
tering [10]. This phenomenon can be described by the following formalism. We confirmed
numerically that the same result can be obtained with both Schro¨dinger–like and density
matrix formulation. Since the same result was obtained using two kinds of expressions, it
assures the correctness of our numerical calculation but it does not affect the contents.
It is possible to follow the time evolution of the system in terms of an equation for the
density matrix ρ [37],
i
dρ
dZ
= Mtotρ− ρM †tot , (A1)
where
ρ(Z) ≡
 hλ(Z)
Aλ(Z)
⊗ (h∗λ(Z) A∗λ(Z)) ≡
 Ig K − iL
K + iL Iˆγ
 . (A2)
When Mtot is Hermitian and Mtot = M , the right–hand side of (A1) is represented by a
commutator
i
dρ
dZ
= [Mtot, ρ] , (A3)
Note that Eqs. (51) and (A3) are completely equivalent. Solving the above equation formally,
we obtain
ρ(Z) = e−iMtotZρ(0) eiMtotZ . (A4)
However, there is no actual isolated system. Indeed, any system generically interacts with
its environment. The interaction with the environment makes Mtot non–Hermitian, and the
conversion probability is not conserved. Thus the density matrix formalism (A1) is more
general.
The total Hamiltonian of an open system is given by
Mtot = M − iΓ , (A5)
where M and the damping factor Γ are both Hermitian. For example, in the case of dark
Thomson scattering
Γ =
 0 0
0 σˆTnˆe
 . (A6)
24
Substitution of (A5) into Eq. (A1) leads to
i
dρ
dZ
= [M,ρ]− i{Γ, ρ} . (A7)
The first term in (A7) represents the usual Schro¨dinger term, and the second one describes
the decoherence.
In the case that the cosmic expansion cannot be neglected, we need to take into account
the time evolution of physical quantities and solve the equation
iaH
dρ
da
= [M(a), ρ]− i{Γ(a), ρ} . (A8)
Here, we used the following relation:
d
dZ
=
d
dt
= aH
d
da
, (A9)
where a is the scale factor and H is the Hubble parameter. Each component of Eq. (A8)
can be written explicitly as follows:
d
da

Ig
Iˆγ
K
L
 =

0 0 0 2∆ˆgγ(a)/aH
0 −Γ(a)/aH 0 −2∆ˆgγ(a)/aH
0 0 −Γ(a)/aH ∆ˆγ(a)/aH
−∆ˆgγ(a)/aH ∆ˆgγ(a)/aH −∆ˆγ(a)/aH −Γ(a)/aH


Ig
Iˆγ
K
L
 . (A10)
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Appendix B: Graviton–dark photon conversion with various parameters
1. Change in dark fine structure constant αˆ
⇠ := 0.5, ↵ˆ := 0.045, EˆB := 10 keV, mˆH := 1TeV
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FIG. 5. Smaller αˆ (Bˆ0 = 1µG)
The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
gravitational waves energy ω0.
⇠ := 0.5, ↵ˆ := 0.045, EˆB := 10 keV, mˆH := 1TeV
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FIG. 6. Smaller αˆ (ω0 = 1 eV)
The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
dark magnetic field strength Bˆ0.
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⇠ := 0.5, ↵ˆ := 0.055, EˆB := 10 keV, mˆH := 1TeV
0.05 eV 0.3 eV
1
0.8
0.6
0.4
0.2
0
1
0.8
0.6
0.4
0.2
0
1
0.8
0.6
0.4
0.2
0
010102103104105 010102103104105 010102103104105
0.5 eV
Iˆ Ig
Redshift Redshift Redshift
In
te
ns
ity
In
te
ns
ity
In
te
ns
ity
FIG. 7. Bigger αˆ (Bˆ0 = 1µG)
The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
gravitational waves energy ω0.
⇠ := 0.5, ↵ˆ := 0.055, EˆB := 10 keV, mˆH := 1TeV
1
0.8
0.6
0.4
0.2
0
010102103104105
1
0.8
0.6
0.4
0.2
0
010102103104105
1
0.8
0.6
0.4
0.2
0
010102103104105
Iˆ Ig
0.1μG 0.5μG 1μG
Redshift Redshift Redshift
In
te
ns
ity
In
te
ns
ity
In
te
ns
ity
FIG. 8. Bigger αˆ (ω0 = 1 eV)
The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
dark magnetic field strength Bˆ0.
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2. Change in dark binding energy EˆB
⇠ := 0.5, ↵ˆ := 0.05, EˆB := 5 keV, mˆH := 1TeV
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FIG. 9. Smaller EˆB (Bˆ0 = 1µG)
The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
gravitational waves energy ω0.
⇠ := 0.5, ↵ˆ := 0.05, EˆB := 5 keV, mˆH := 1TeV
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FIG. 10. Smaller EˆB (ω0 = 1 eV)
The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
dark magnetic field strength Bˆ0.
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⇠ := 0.5, ↵ˆ := 0.05, EˆB := 15 keV, mˆH := 1TeV
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FIG. 11. Bigger EˆB (Bˆ0 = 1µG)
The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
gravitational waves energy ω0.
⇠ := 0.5, ↵ˆ := 0.05, EˆB := 15 keV, mˆH := 1TeV
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FIG. 12. Bigger EˆB (ω0 = 1 eV)
The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
dark magnetic field strength Bˆ0.
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3. Change in mass of dark hydrogen atom mˆH
⇠ := 0.5, ↵ˆ := 0.05, EˆB := 10 keV, mˆH := 0.1TeV
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FIG. 13. Smaller mˆH (Bˆ0 = 1µG)
The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
gravitational waves energy ω0.
⇠ := 0.5, ↵ˆ := 0.05, EˆB := 10 keV, mˆH := 0.1TeV
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FIG. 14. Smaller mˆH (ω0 = 1 eV)
The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
dark magnetic field strength Bˆ0.
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⇠ := 0.5, ↵ˆ := 0.05, EˆB := 10 keV, mˆH := 100TeV
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FIG. 15. Bigger mˆH (Bˆ0 = 1µG)
The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
gravitational waves energy ω0.
⇠ := 0.5, ↵ˆ := 0.05, EˆB := 10 keV, mˆH := 100TeV
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FIG. 16. Bigger mˆH (ω0 = 1 eV)
The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
dark magnetic field strength Bˆ0.
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4. Change in ξ
⇠ := 0.4, ↵ˆ := 0.05, EˆB := 10 keV, mˆH := 1TeV
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FIG. 17. Smaller ξ (Bˆ0 = 1µG)
The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
gravitational waves energy ω0.
⇠ := 0.4, ↵ˆ := 0.05, EˆB := 10 keV, mˆH := 1TeV
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FIG. 18. Smaller ξ (ω0 = 1 eV)
The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
dark magnetic field strength Bˆ0.
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⇠ := 0.6, ↵ˆ := 0.05, EˆB := 10 keV, mˆH := 1TeV
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FIG. 19. Bigger ξ (ω0 = 1 eV)
The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
gravitational waves energy ω0.
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FIG. 20. Bigger ξ (Bˆ0 = 1µG)
The intensity of graviton and dark photon is plotted as a function of redshift z, changing current
dark magnetic field strength Bˆ0.
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